The evolution of helium stars with masses of 1.5 -6.7 M ⊙ in binary systems with a 1.4 M ⊙ neutron-star companion is presented. Such systems are assumed to be the remnants of Be/X-ray binaries with B-star masses in the range of 8 -20 M ⊙ which underwent a case B or case C mass transfer and survived the common-envelope and spiral-in process. The orbital period is chosen such that the helium star fills its Roche lobe before the ignition of carbon in the centre. We distinguish case BA (in which mass transfer is initiated during helium core burning) from case BB (onset of Rochelobe overflow occurs after helium core burning is terminated, but before the ignition of carbon). We found that the remnants of case BA mass transfer from 1.5 -2.9 M ⊙ helium stars are heavy CO white dwarfs. This implies that a star initially as massive as 12 M ⊙ is able to become a white dwarf. CO white dwarfs are also produced from case BB mass transfer from 1.5 -1.8 M ⊙ helium stars, while ONe white dwarfs are formed from 2.1 -2.5 M ⊙ helium stars. Case BB mass transfer from more-massive helium stars with a neutron-star companion will produce a double neutron-star binary. We are able to distinguish the progenitors of type Ib supernovae (as the high-mass helium stars or systems in wide orbits) from those of type Ic supernovae (as the lower-mass helium stars or systems in close orbits). Finally, we derive a "zone of avoidance" in the helium star mass vs. initial orbital period diagram for producing neutron stars from helium stars.
tems with a compact companion is important as the systems form the bridge between the evolution of X-ray binaries and the formation of double compact-object binaries.
The evolution of a helium star in a binary system has been studied e.g. by Savonije, de Kool & van den Heuvel (1986) who evolved a 0.6 M ⊙ non-degenerate helium star with a 1.3 M ⊙ compact companion. With a short orbital period of P = 37 m , Roche-lobe overflow (RLOF) takes place during helium core burning. Ergma & Fedorova (1990) evolved helium stars with masses of 0.5, 0.766, and 1 M ⊙ . As the companion star, they took white dwarfs with the same range of masses in a combination such that the systems have a mass ratio of 0.5 ≤ MHe/MWD ≤ 2. The periods are also so short, of 26. m 2 -62. m 6, that the helium stars transfer mass to the companion while they are still burning helium in the centre. A similar work was also carried out by Tutukov & Fedorova (1990) . A study of systems with more massive helium stars in wider orbits has been carried out by e.g. Delgado & Thomas (1981) who considered helium stars with masses of 2, 2.7, 3.3, and 4 M ⊙ with a massive main-sequence companion. The helium star fills its Roche lobe after helium is exhausted in the core. Habets (1986a) evolved a 2.5 M ⊙ helium star with a 17 M ⊙ main-sequence companion in a wide orbit (P = 20.
d 25) such that mass-transfer phase occurs during first carbon burning convective shell.
In this work we study the evolution of helium stars with masses of 1.5 -6.7 M ⊙ with a 1.4 M ⊙ neutron-star companion. Such systems are assumed to be the remnants of Be/X-ray binaries with masses in the range of 8 -20 M ⊙ which underwent mass transfer as case B (RLOF is initiated during hydrogen shell burning) or case C (during helium shell burning). As the result of the large mass ratio, mass transfer from the Be star to the neutron star is dynamically unstable and the two components are embedded in a common envelope (CE), leading to the spiraling-in of the neutron star in the envelope of the Be star. We assume that the system survived the common envelope and spiral-in process. We are interested to investigate the final fate of the systems (whether they will become white-dwarf/neutron-star or double neutron-star binaries), the type of supernovae (SN) they might produce, as well as to study which systems are stable to RLOF. A study on the similar range of mass (2 -6 M ⊙ helium stars) has been carried out by Avila Reese (1993) . With a Roche radius of 0.6 and 0.7 R ⊙ , in that study RLOF takes place after helium core burning is terminated and the calculations were done up to the ignition of carbon in the centre. Apart from the slightly wider range of mass in our study compared to the latter work and a larger range of orbital periods used in our work, we also are able to follow the evolution of the helium stars to more advanced evolutionary stage, i.e. beyond the carbon ignition, which enables more detailed conclusions on the fate of the systems. We take 6.7 M ⊙ as the upper limit of our calculation because more massive helium stars undergo a dynamically unstable mass transfer.
In Sect. 2 we describe the possibility for the formation channel of a helium star in a binary system with a neutronstar companion, and some basic assumptions used in the calculation of the orbital evolution. The computational code, the input parameters used in the code, and the calculation that constrains the initial mass of the helium star and the initial period are described in Sect. 3. We discuss the results in two sections; Sect. 4 for the cases in which RLOF takes place during helium core burning and Sect. 5 for that during helium shell burning. Our conclusions are given in Sect. 6.
THE EVOLUTION OF HELIUM STAR IN BINARY SYSTEM
2.1 Formation of a helium star with a neutron-star companion in a binary system
An HMXB consists of a massive OB-type star and a compact object as the X-ray source. There are two classes of HMXB, i.e.: (i) OB-supergiant (standard massive) X-ray binaries, in which the X-ray source is powered by wind accretion from its almost Roche-lobe filling OB-supergiant companion, and (ii) Be/X-ray binaries, in which the X-ray source is powered by accretion of material when the compact object moves through the dense disc of its unevolved Be-star companion at periastron passage. The first class is found in close, almost circular orbits with companion stars more massive than 20 M ⊙ ; while the latter in wide, eccentric orbits, with 8 -20 M ⊙ companion stars.
As the companion starts to fill its Roche lobe, a runaway mass transfer to the compact object will follow due to the high mass ratio of the system, leading to a CE and spiral-in phase. The outcome of this phase is a system consisting of the helium core of the companion and a neutron star. The helium star evolves and, in turn, might fill its Roche lobe. If the helium star is more massive than 2.2 M ⊙ (Habets 1986a) and it does not further lose mass, it will collapse and produce a neutron star; and the system becomes a double neutronstar binary. We refer to Bhattacharya & van den Heuvel (1991) for review on the so-called "standard scenario" ‡ .
An alternative to the standard model was proposed by Brown (1995) . This new evolutionary scenario suggests that a double neutron-star binary is a descendant of a double helium-star binary, which is produced from a binary system with components of very similar masses. This twinmass model was proposed because of the argument that a neutron star would be able to accrete matter at high rate during the CE and spiral-in process and will then become a black hole (e.g. Chevalier 1993), which would exclude the possibility that double neutron stars would result from the CE evolution of HMXB (the standard scenario). Nevertheless, whether or not a neutron star in a CE will indeed go to highly super-Eddington accretion is still very uncertain (see e.g. Chevalier 1996) . Therefore, there is still room for the formation of systems consisting of a helium star with a neutron-star companion like in the standard scenario. Strong accretion onto the neutron star can be avoided, for example, if the donor star is very extended (Chevalier 1993) and if rotational effects are taken into account (Chevalier 1996) .
Orbital evolution
The orbital angular momentum of a binary system which contains a helium star of mass MHe and a neutron star of mass MNS is given by
where M = MHe + MNS is the total mass of the system, a is the orbital separation, and G is the constant of gravity. The rate of change in orbital separation of the system is expressed bẏ
The total change in orbital angular momentum is assumed to be affected by gravitational-wave radiation and by the where the rate of change of orbital angular momentum due to gravitational-wave radiation is given by (Landau & Lifshitz 1958 )
with c the speed of light in vacuum. The system is assumed to evolve non-conservatively. Mass loss from the system causes loss of orbital angular momentum which is taken into account as (van den Heuvel 1994; Soberman, Phinney & van den Heuvel 1997)
where q = MHe/MNS is the mass ratio; α is the fraction of mass lost from the helium star in the form of fast isotropic wind, and β is the fraction of mass ejected isotropically from the vicinity of the neutron star. During the detached phase, we took α = 1 and it is assumed that the neutron star does not accrete matter from the stellar wind (β = 0); all matter released from the system in this case carries the specific orbital angular momentum of the helium star. The stellar wind mass loss is approximated by eq. (2) in Wellstein & Langer (1999 , cf. Hamann, Schönberner & Heber 1982 Hamann, Koesterke & Wessolowski 1995) multiplied by a factor of 0.5 to provide a better fit with the most recent observed mass-loss rate of Wolf-Rayet stars (Nugis & Lamers 2000; Nelemans & van den Heuvel 2001) , i.e.
M He,wind = 2.8 10
This means our adopted mass loss rate in the upper luminosity range is one quarter of the Hamann et al. (1995) rate. During RLOF, the helium star transfers mass with a masstransfer rate which is defined aṡ
where RL is the helium star's Roche radius given by Eggleton (1983) as
During the mass-transfer phase (even on a nuclear timescale) the wind mass loss contributes at most 5 per cent of the mass-loss rate. It is assumed that the neutron star accretes matter up to its Eddington limit for helium accretion (3 × 10 −8 M ⊙ yr −1 ); the rest of the transferred matter is lost from the system with the specific orbital angular momentum of the neutron star.
In the limiting case when the mass-transfer rate owing to RLOF is much higher than both the maximum accretion rate and the wind mass-loss rate (Ṁ > 10 −6 M ⊙ yr −1 ), we have β ≈ 1 andJgwr can be neglected. This is generally the case during case BAB and case BB mass transfer discussed below. Then eq. (5) leads to:Ṗ
From this it can be seen that P has a minimum when q = 1.39, i.e. MHe ≈ 1.95. For q > 1.39, P initially decreases as a result of RLOF, and increases again after q < 1.39. This behaviour can be seen in Sect. 4 and 5.
THE METHOD OF CALCULATION

A brief description on the numerical code
We used the Eggleton stellar-evolution code (Eggleton 1971 (Eggleton , 1972 (Eggleton , 1973 . This code uses a self-adaptive, non-Lagrangian mesh-spacing which is a function of local pressure, temperature, Lagrangian mass and radius. It treats both convective and semi-convective mixing as a diffusion process and finds a simultaneous and implicit solution of both the stellar structure equations and the diffusion equations for the chemical composition. The most recent update, including the nuclear reaction network, is described in Pols et al. (1995) .
We evolved zero-age main-sequence stars (in Sect. 3.2) assuming a chemical composition of (X = 0.70, Z = 0.02) and using a mixing-length parameter of α = l/Hp = 2.0. Convective overshooting is taken into account in the same way as in Pols et al. (1998) using an overshooting constant δov = 0.12.
The helium stars were evolved assuming a chemical composition of (Y = 0.98, Z = 0.02). All calculations were done without enhanced mixing (STD models in Pols 2002) . We refer to the latter paper for the evolution of single helium stars related to our calculations.
Initial conditions
Progenitor systems of helium star and neutron star binaries
To obtain estimates of the mass of the helium star and the initial period, we evolved massive main-sequence stars with masses of 8 -20 M ⊙ . If the radius of the star is assumed to be equivalent to its Roche radius when RLOF is initiated (R ≈ RL), then the separation of the binary system at the onset of the mass-transfer phase, ai, for a given radius R can be calculated with eq. (8). With the energy equation for CE evolution (Webbink 1984; de Kool 1990 )
we calculated the final separation, a f . Here M donor = Mcore+ Menv, Mcore, and Menv are the masses of the donor star, its helium core and envelope, respectively. Due to the stellar wind mass loss (de Jager, Nieuwenhuijzen & van der Hucht 1988; Nieuwenhuijzen & de Jager 1990) , M donor might be smaller than MZAMS, the mass of the star on the zero-age main sequence (ZAMS). During the red supergiant phase, the stellar mass is reduced by 3 -19 per cent (in a 8 M ⊙ and a 20 M ⊙ stars, respectively). M2 is the mass of the companion, which we assumed to be a 1.4 M ⊙ neutron star. rL = RL/ai is the dimensionless Roche radius of the donor star. We took ηCE, the so-called CE efficiency parameter, to be one. λ, the parameter of the binding energy of the envelope to the core, is approximated as in Dewi & Tauris (2000) . We assumed that the binary will survive the CE and spiral-in phase if the final separation is larger than the Roche radius of the helium core, i.e. the helium star does not immediately fill its Roche lobe. Following Taam, King & Ritter's (2000) argument, we assume that the neutron star does not accrete a significant amount of matter while it is embedded in the donor's envelope. The results of the calculations are summarized in Fig. 1 , where we have plotted the maximum periods (which are related to the maximum radius) after case B and case C spiral-in. These values are very uncertain, especially for case B, because the parameter λ used for calculating the post-CE separation depends quite sensitively on the choice of the mass of the helium core. As argued by Tauris & Dewi (2001) approximate lower limits to λ and to the core mass are obtained by assuming that the core mass is the mass where the abundance of hydrogen is below 0.1. Considering the bottom of convective envelope as the core, results in approximate upper limits of λ and the core mass. The latter criterion corresponds roughly to the mass where XH = 0.3, for the maximum radius during case B from MZAMS ≤ 13 M ⊙ . The dotted lines in Fig. 1 mark the maximum periods for case B evolution, calculated with the two extreme λ-values. For case C evolution, only the maximum period (dashed-line) corresponding to the lower limit of λ is plotted. In stars with MZAMS > ∼ 14 M ⊙ , helium is ignited before a deep convective envelope has developed, and the radius keeps expanding during core He burning. At the maximum radius for case B (which in this case is not well-defined), the envelope is more strongly bound and the maximum period after case B is correspondingly smaller (see Fig. 1 ). In this case, the bottom of the convective envelope can no longer be realistically taken as the core mass, so the upper dotted line in Fig. 1 stops at 13 M ⊙ . Because of these uncertainties, to relax the assumption on the choice of core mass as well as on ηCE (i.e. the possibility of applying ηCE other than unity), we did the calculations for a wide range of periods.
Studied types of helium star binary evolution
As Fig. 1 shows, the progenitors of helium star and neutron star binaries were main-sequence star and neutron star systems that evolved according to case B or case C mass transfer. The outcome of CE evolution in case B is an unevolved helium star and neutron star, while that in case C is an evolved helium star (which has developed a carbon core) and neutron star. The systems resulting from case B can be so close that they start RLOF during helium core burning. This is so-called case BA evolution. Wider systems will start RLOF only during helium shell burning around the carbon core. This is so-called case BB evolution. The terminology of the types of evolution used in this paper is summarized in Table 1 . Case C mass transfer will result in evolved helium stars which, after CE evolution, can only start transferring mass after helium core burning is terminated. We are interested in RLOF during helium shell burning, which can be called case CB evolution. Basically, case BB and CB evolutions result in the same type of RLOF from a helium star of about the same mass and period, except in MHe ≥ 4 M ⊙ where the wind mass loss plays a major role in reducing the mass and changing the structure during helium core burning. We do not separately study case CB evolution in this paper, but assume that it is similar to case BB evolution.
A single helium star expands and reaches the maximum radius during convective carbon shell burning (Habets 1986a; Pols 2002) . Although they are not less important, we did not attempt to follow evolutions in which RLOF is initiated during carbon core burning or beyond (case BC or CC evolution). The overall results for case BA mass transfer are shown in Table 2 , and those for case BB in Tables 3 and 4. Table 2 . The binary parameters in case BA mass transfer from 1.5 -2.9 M ⊙ helium stars: the initial mass and period; the duration, amount of mass transferred from the helium star, and the maximum mass-loss rate during the case BA mass transfer; the duration of the detached phase; the duration, amount of mass transferred from the helium star, and the maximum mass-loss rate during the case BAB mass transfer; the final mass and period, the final mass of helium in the envelope and the final mass of the neutron star. Masses are in solar unit, mass-loss rates in M ⊙ yr −1 , times in yr and periods in days. * denotes the slow phase of mass transfer. 
RESULTS: CASE BA MASS TRANSFER
Based on the stability of RLOF during helium core burning, we devide case BA mass transfer into three groups, i.e. (i) 1.5 -2.1 M ⊙ helium stars, in which RLOF is stable, (ii) 2.4 -2.5 M ⊙ helium stars, in which RLOF is initiated by a rapid, unstable phase and followed by a slow, stable phase of mass transfer, and (iii) 2.8 -2.9 M ⊙ helium stars, in which the unstable, thermal-timescale RLOF causes the temporary disappearance of the convective core. In general, case BA mass transfer from helium stars in our calculations resembles case A evolution from mainsequence stars (e.g. Pols 1994; Wellstein, Langer & Braun 2001) . In all helium stars of 1.5 -2.9 M ⊙ which undergo case BA mass transfer, the whole envelope is removed from the star, and the remnant, a degenerate CO white dwarf, is never massive enough to ignite carbon.
4.1 Roche-lobe overflow from 1.5 -2.1 M ⊙ helium stars
During the detached phase the orbit slowly shrinks due to gravitational-wave radiation and the stellar radius slowly increases, until (stable) RLOF starts (point A in Fig. 2 ). During the first phase of stable, nuclear-timescale RLOF, the star contracts and the energy-production rate in the centre decreases as a result of the loss of mass, which causes the luminosity and effective temperature to decrease. The star remains in thermal equilibrium. The mass of the convective core does not grow as in the case of a single star, but decreases slowly until the core disappears when the helium is exhausted (see Fig. 3 ). Most of the transferred matter is lost from the system at low specific orbital angular momentum which, although counteracted by gravitational-wave radiation, causes the orbit to slightly expand. Roughly at the same time when the abundance of carbon in the centre is maximum, the period reaches a maximum value, while L and T eff reach their minimum values (the reddest point in the HR diagram, point B). After this point, the orbit gradually shrinks. We find that the earlier RLOF is initiated (the smaller the initial period), the more mass is removed from the helium star, the more significant the change in period, and the longer the duration of RLOF. After the turning point, the star moves to the left in the HR diagram, only an insignificant amount of mass is transferred from the helium star -this is also the case if the orbital period is such that mass transfer starts after the carbon abundance in the centre reaches its maximum. In the latter case, there is no maximum period; the period continuously decreases (while the star shrinks) until the system is detached. The maximum mass-loss rate, the duration of RLOF, and the amount of mass transferred to the neutron star all decrease with decreasing initial mass ratio and with increasing initial period.
As the helium abundance in the core drops below about 0.1, the star contracts inside its Roche lobe, and the system becomes detached (point C). During this detached phase, the orbit is again tightened due to gravitational-wave radi- ation, but the net change in orbit is insignificant compared to the initial period. The duration of helium core burning is prolonged due to the mass transfer. However, we found that if the initiation of RLOF takes place close to the end of the helium main sequence, helium core burning proceeds marginally faster (by less than 1 per cent) than in a single helium star of the same mass.
After helium is exhausted in the centre and the convective core disappears, helium burning moves to a radiative shell around the CO core. The CO core grows in mass but decreases in radius, which causes the star to expand and move up in the HR diagram. A second phase of stable RLOF, which we call case BAB, then takes place (point D). The central temperature increases. The mass-loss rate, which is higher than that during the helium core burning, increases both with initial mass ratio and with initial period. The orbit expands in all cases due to the effects described in Sect. 2.2. At the end of this mass-transfer phase, when almost the entire envelope is removed from the star, the degeneracy border is crossed. The central temperature decreases as well as the energy-production rate. Although the core is constant in mass, the radius decreases and the star contracts inside its Roche lobe. The system is again detached (point E). The duration of the second RLOF phase decreases with increasing initial period and initial mass ratio. Solid-, dashed-, dash-dotted-, and dottedlines are the helium, carbon, oxygen, and neon abundances, respectively. The third panel gives the mass-loss rate in M ⊙ yr −1 ; wind mass-loss rate during the detached phase, or mass-transfer rate during the Roche-lobe overflow phase. The fourth panel presents the stellar (solid-) and Roche radii (dotted-line), in solar radius. The fifth panel shows the evolution of the stellar interior. The solid line represents the total mass of the donor star; the dotted line the CO core mass (defined as the mass where the helium abundance is below 0.1). The dark-and light-shaded areas mark the helium-burning convective and semiconvective regions.
4.2 Roche-lobe overflow from 2.4 -2.5 M ⊙ helium stars RLOF is initially unstable and results in a rapid, thermaltimescale phase of mass transfer. The rapid loss of mass causes a rapid contraction of the star. The mass of the convective core decreases rapidly when the star adjusts to the new total mass. The luminosity and effective temperature decrease, as well as the central temperature and the orbital period, until the mass-loss rate reaches a maximum value. The mass of the convective core then decreases slowly and the star contracts slowly. Mass transfer continues stably on a nuclear timescale. In a 2.5 M ⊙ helium star, the transition between the rapid, thermal-timescale phase and the slow, stable mass-transfer phase is marked by a minimum in mass-loss rate (see Fig. 4 ). The mass of the convective core reaches a minimum value before it increases and then Figure 4 . Case BA. Same as Fig. 3 for a 2.5 M ⊙ helium star. The peak and a dip in the mass-loss rate mark the rapid, unstable mass-transfer phase, and the transition to a slow, stable phase, respectively.
decreases slowly. The further evolution is very similar to that of the lower-mass stars described in Sect. 4.1. As in the case of 1.5 -2.1 M ⊙ helium stars, the star shrinks inside its Roche lobe before helium is depleted in the centre. The star again fills its Roche lobe when the radius increases after helium is exhausted in the centre (case BAB).
4.3 Roche-lobe overflow from 2.8 -2.9 M ⊙ helium stars
The mass transfer from 2.8 -2.9 M ⊙ helium stars is also initiated (point 1 in Fig. 2 ) by a thermal-timescale phase. This time, the rapid mass transfer with q ∼ 2 causes the star to lose about 40 per cent of its mass rapidly. The central temperature decreases below the required temperature for helium burning so that the energy production in the centre ceases (point 2, see also Fig. 5 ). This, in turn, causes rapid contraction of the star and disappearance of the convective helium core. The period decreases rapidly. After the maximum mass-loss rate is reached, the star contracts inside its Roche lobe, the orbit widens due to the loss of mass from the system, and the system is detached (point 3). After thermal stability is restored (point 4), the convective core reappears, helium is reignited, and the star slowly expands. Wind mass loss is now that of a ∼ 1.7 M ⊙ helium star. The orbital period again decreases due to gravitationalwave radiation. In a 2.8 M ⊙ helium star in a very close orbit, at the moment when the central carbon abundance reaches a maximum, the stellar radius reaches its Roche radius, and a brief phase of stable RLOF takes place (point 5 to 6). Binaries of the same mass in a slightly wider orbit (as well as those with MHe = 2.9 M ⊙ ) do not undergo this second, slow phase of mass transfer since the maximum radius (which relates to the maximum energy-production rate and to the maximum central carbon abundance) is still within its Roche radius. However, the net effect is the same since during the slow phase only an insignificant amount (2 per cent) of mass is removed from the helium star. As in the case of lower-mass stars, the 2.8 -2.9 M ⊙ helium stars also undergo case BAB mass transfer (point 7 to 8) with a lower mass-loss rate than that during the first, rapid RLOF phase.
In more massive helium stars (MHe > 2.9 M ⊙ ), case BA causes the loss of more than half of the stellar mass. The rapid mass loss causes the disappearance of the convective helium core. However, the star is unable to recover its thermal equilibrium. RLOF becomes dynamically unstable and the binary will probably coalesce.
The role of gravitational-wave radiation
Before the star fills its Roche lobe, the orbit is tightened due to gravitational-wave radiation. In order to see the effect of gravitational-wave radiation, we also studied the case in which gravitational-wave emission is turned off. The exclusion of loss of angular momentum due to gravitational-wave radiation will only delay and shorten the first RLOF phase. In this case, during the slow stable RLOF phase, the orbit expands due to the loss of mass from the system, and there is no maximum period at the moment the central carbon abundance reaches its maximum.
The exclusion of gravitational-wave emission in the case of higher-mass helium stars (MHe > 2.9 M ⊙ ) with very close orbits allows the wind mass loss to govern the loss of angular momentum. The orbit is widened such that mass transfer will only take place after the exhaustion of helium in the centre (case BB).
RESULTS: CASE BB MASS TRANSFER
We devide case BB mass transfer into two mass groups, i.e. (i) 1.5 -2.1 M ⊙ helium stars, in which RLOF is terminated when the degeneracy border is crossed and a heavy, degenerate CO or ONe white dwarf is produced, and (ii) 2.4 -6.6 M ⊙ helium stars, in which an ONe white dwarf or a neutron star is the outcome.
5.1 Roche-lobe overflow from 1.5 -2.1 M ⊙ helium stars
Case BB mass transfer from 1.5 -2.1 M ⊙ helium stars resembles case BAB in the same range of mass. The exhaustion of helium in the core causes the star to expand and fill its Roche lobe. After the degeneracy boundary is crossed, it contracts rapidly inside its Roche lobe, and the system is detached. The mass-loss rate increases while the duration of RLOF decreases with increasing initial period and initial mass ratio. After the core becomes degenerate but before the system detaches, carbon burning occurs in the radiative shell with maximum temperature. In 2.1 M ⊙ helium stars, offcentre C-ignition takes place in the shell with maximum temperature. At first, carbon burns in a broad radiative shell (and marginally in the centre). When the off-centre convective shell appears, the whole core expands and the region interior to the convective shell cools. C-burning stops completely in the inner core, while convective off-centre burning continues. The calculations break down shortly after this point. It is expected (see Pols 2002 for a discussion) that eventually C-burning reaches the centre and a degenerate ONe core is formed. In the 1.5 and 1.8 M ⊙ helium stars, the temperature is never high enough to cause significant carbon burning.
Before RLOF occurs, the gravitational-wave radiation brings the components closer together. In the systems with wider orbits (P ≥ 0.
d 5), the effect of gravitational-wave radiation is weak so that the period remains constant. The evolution of the period is as expected from Sect. 2.2.
We are not always able to follow the evolution until the detachment. However, the drop in mass-loss rate suggests Table 3 . The binary parameters in case BB mass transfer from 1.5 -2.1 M ⊙ helium stars: the initial mass and period; the duration, amount of mass removed from the helium star, and the maximum mass-loss rate during the Roche-lobe overflow; the final mass and period, the final mass of the helium in the envelope and the final mass of the neutron star. Masses are in solar mass, mass-loss rate in M ⊙ yr −1 , time in yr, and period in days. that RLOF is about to end. Almost the entire envelope is removed from the star during RLOF, supporting Delgado & Thomas' (1981) result. The remnants of 1.5 and 1.8 M ⊙ helium stars are degenerate CO white dwarfs with masses of 0.9 -1.05 M ⊙ , which are more massive than the remnants of case BAB mass transfer from helium stars in the same range of mass. This trend resembles Pols' (1994) result for case AB and B mass transfers. Helium stars with initial mass 2.1 M ⊙ produce ONe white dwarfs.
Roche-lobe overflow from 2.4 -6.6 M ⊙ helium stars
The following classification is based on the time of occurrence of the maximum mass-transfer rate; whether it occurs far before, just before, or during carbon core burning. This can be easily recognized from their tracks in the HR diagram, as are shown in Fig. 6 . The close orbit systems are characterized by a small hump (indicated by a star) which marks the transition from the rapid to the slow mass-transfer phase. The wide orbit systems are characterized by the up and down movement (see the right-hand side inset in Fig. 6 ) which is caused by the decreasing and increasing of the massloss rate due to the appearance and disappearance of the Cburning convective shells (except in a 2.4 M ⊙ helium star). The intermediate orbit systems show none of the two characteristics. Before RLOF is initiated, gravitational-wave radiation only plays a role in shrinking the orbit in helium stars with masses of 2.4 -3.4 M ⊙ in close orbits during the early phase of their evolution. In stars of the same masses in wider orbits, gravitational-wave emission is negligible so that the orbit remains constant. Wind mass loss dominates the loss of angular momentum and widens the orbit during the giant phase of the above range of mass, and during the whole evolution of MHe ≥ 3.7 M ⊙ stars. Table 3 for 2.4 -6.6 M ⊙ helium stars. * and * * denote the second and third phases of Roche-lobe overflow, respectively. The number in the Note column indicates the carbon shell burning in which the calculation stops, a implies the appearance of the shell, b the shell burning, and d the disappearance of the shell; c signifies that the calculation goes up to the penetration of the helium-burning convective shell to the surface. For 2.4 and 2.5 M ⊙ stars, cb denotes the C-burning and cd the depletion of carbon in the off-centre shell. 
Close-orbit systems
In the close-orbit systems, mass transfer takes place initially on the donor star's thermal timescale. The star contracts and the luminosity and effective temperature -as well as the period -decrease, until the mass-loss rate reaches a maximum,Ṁmax,1. T eff then increases until the point which marks the transition between the rapid-and slow-phase of mass transfer (the hump marked by a star in Fig. 6 ). L reaches another minimum, while P also decreases to a minimum (point A). The star then moves to the upper left in the HR diagram.
The appearance of a C-burning convective core (or offcentre shell in MHe ≤ 2.5 M ⊙ stars) causes an increase in mass-loss rate to another maximum,Ṁmax,2, which varies from 33 (in a 5.4 M ⊙ helium star) to 58 per cent (in a 2.4 M ⊙ helium star) ofṀmax,1. After the convective core stops growing in mass in MHe ≤ 4 M ⊙ stars, during carbon core burning, the mass-loss rate drops, the star moves to the left in the HR diagram and shrinks inside its Roche lobe (point B, see the left-hand side inset in Fig. 6 ). The period is relatively constant during this detached phase.
When the carbon abundance in the convective core drops below 0.1, the star expands again, moves to the right in HR diagram, and the orbit expands. § The second phase of RLOF occurs after the C-burning convective core has vanished (point C). The mass-loss rate increases rapidly and reaches a maximum,Ṁmax,3 (point D), when the first Cburning convective shell appears. When this shell disappears, the mass-loss rate drops again.
In MHe ≤ 2.9 M ⊙ stars, the radius decreases and the components are again detached (point E). The star moves to the left again at constant period until it reaches a minimum radius when the second C-burning convective shell appears. The star fills its Roche lobe for the third time (point F) after the second convective shell has vanished.Ṁ increases and reaches a maximum value,Ṁmax,4. The second RLOF lasts shorter than the first one, and the third one shorter § We could not follow the subsequent evolution in M He ≤ 2.5 M ⊙ stars. However, we expect that these stars will undergo the same phenomenon as is found in the more massive ones.
than the second, because the evolution of the interior region proceeds faster (Habets 1986a) .
In 3.1 -4 M ⊙ helium stars, RLOF takes place in two episodes. After the first C-burning convective shell disappears, the mass-loss rate decreases to a minimum, but RLOF continues without a detached phase. In 3.6 -4 M ⊙ helium stars, the first shrinkage of the star inside its Roche lobe takes place later than in the lower-mass stars, i.e. when carbon is being depleted in the core. The radius reaches its minimum value after the core has vanished. With the appearance of the first C-burning convective shell, the star fills its Roche lobe for the second time.
In MHe > 4 M ⊙ stars,Ṁ also decreases after reachinġ Mmax,2, until carbon is exhausted in the core. The behaviour ofṀ subsequent to carbon core burning is erratic, but it never exceedsṀmax,1. In this range of mass, the star never shrinks inside its Roche lobe.
Why detached phases occur in one case and not in the other, and why the detachments take place in different phases of carbon burning for different cases, can be understood as follows. The start of each convective carbon burning phase (both in the core and in subsequent shells) causes the core to expand. As a result, the envelope tends to contract and the star tends to shrink inside its Roche lobe. In between the convective phases, the core contracts and the envelope expands again. However, the reaction of the stellar surface is delayed by the thermal diffusion timescale between the core and the surface. This timescale is roughly constant for each star, and does not vary strongly with mass. On the other hand, the timescale for C-burning decreases strongly with each successive convective phase, as well as with increasing mass, and eventually become much shorter than the thermal timescale. As a result, the detachments are delayed or even absent for advanced phases and/or large masses.
The transition from rapid to slow mass transfer is not found in MHe > 5.4 M ⊙ stars. Stars in this mass range with periods shorter than those in Table 4 go through dynamically unstable mass transfer.
Intermediate-orbit systems
In the intermediate-orbit systems, RLOF occurs on the thermal timescale, the orbit shrinks, and the maximum masstransfer rate,Ṁmax,1, is reached not long before the appearance of the C-burning convective core (or off-centre convective shell in 2.4 -2.5 M ⊙ helium stars). The star moves afterwards to the upper left in the HR diagram (see Fig. 6 ). Unlike in the close-orbit systems, the mass-transfer rate does not increase when the convective core appears. Along with the increase in L and T eff ,Ṁ decreases.
In 2.4 -2.9 M ⊙ helium stars,Ṁ decreases until the star shrinks inside its Roche lobe during carbon core (or off-centre shell) burning, and the system is detached (point a, see the middle inset of Fig. 6 and Fig. 8 ). The period increases shortly afterṀmax,1 is reached, and is relatively constant during the detached phase. When the carbon abundance in the core (or the off-centre shell) drops below 0.1, the star reaches the bluest point (In 2.4 -2.5 M ⊙ helium stars, at this point the off-centre shell penetrates to the centre). The star expands, moves back to the right in the HR diagram, and fills its Roche lobe after the C-burning con- Figure 7 . Case BB. Same as Fig. 3 for a 2.8 M ⊙ helium star with a 1.4 M ⊙ neutron star in a close orbit, during the case BB mass transfer. In the fifth panel, the upper and lower dotted lines show the CO and O-Ne-Mg core masses (the latter is defined as the mass where the carbon abundance is below 0.1); and the shaded area mark the carbon-burning convective regions.
vective core has disappeared (point b). During the second RLOF, T eff and L decrease while the period increases. After the first C-burning convective shell disappears, the masstransfer rate reaches a maximum,Ṁmax,2 (point c), before decreasing again (see Fig. 8 ).
In 3.1 -5.8 M ⊙ helium stars in intermediate orbits, RLOF takes place without detached stages. AfterṀmax,1, M goes through a minimum and then increases again. Also due to the difference in thermal timescale between the core and the envelope, the occurence of the minimumṀ (particularly in this range of mass) varies. Like in the close-orbit systems, the period decreases throughout the whole masstransfer phase.
Wide-orbit systems
Thermal-timescale RLOF is most rapid in wide-orbit systems, and the maximum mass-loss rate,Ṁmax,1, is reached during the carbon core (or off-centre shell) burning. The mass-transfer rate then decreases and reaches a minimum value (in a 2.4 M ⊙ helium star, the decrease inṀ leads to a detachment), before reaching another maximum,Ṁmax,2. The increases and decreases inṀ can be seen in the HR diagram as the up and down movements (see Fig. 6 ). Except in a 2.4 M ⊙ helium star, RLOF in wide-orbit systems takes place without any detached stages. Again, only in MHe < 2.9 M ⊙ stars does the period reach a minimum value shortly afterṀmax,1.
5.2.4
The He-burning convective envelope and common-envelope evolution
As can be seen in the right-hand panels of Fig. 9 , a Heburning convective shell appears in the envelope before the appearance of the third C-burning convective shell. Such a shell also appears in previous helium star calculations (e.g. Habets 1986a (e.g. Habets , 1986b Nomoto 1984 Nomoto , 1987 Pols 2002) . Because of the small envelope mass, this shell almost penetrates to the surface after the disappearance of the third C-burning convective shell. In response to mass loss from a convective envelope, the star expands,Ṁ increases enormously by 2 orders of magnitude, and the orbit widens. L and T eff decrease and the star moves to the lower right in the HR diagram (see Fig. 6 ). In a 3.8 M ⊙ helium star, the He-burning convective shell appears and penetrates to the surface before the second C-burning convective shell appears. We are not always able to follow the evolution of the helium stars beyond the appearance of the second C-burning convective shell. However, we found that the behaviour occurs for those masses and orbits that we were able to compute the furthest (see the c notation in Table 4 ) in helium stars less massive than 4 M ⊙ . Therefore, we expect that this is a typical phenomenon of the late stage of a case BB mass transfer from MHe < 4 M ⊙ stars (in RLOF initiated during carbon shell burning (Habets 1986a) , the envelope is thick so that the expansion of He-burning convective shell occurs deep inside the envelope). In MHe ≥ 4 M ⊙ the start of a convective shell is only found in close orbits, but not in the wide orbits athough the calculations were done up to the same stage of evolution. However, we cannot exclude that such a convective shell does not eventually develop in these more massive stars as well.
The outcome of mass transfer in the presence of a convective helium envelope is not clear. Mass transfer might become dynamically unstable which would lead to a CE and spiral-in phase. Although we do not find a convective envelope in helium stars more massive than 4 M ⊙ in wider orbits, the large mass ratio (q > ∼ 2.6 at the onset of RLOF) and the high mass-loss rate (Ṁ > 10 −4 M ⊙ yr −1 ) suggest that a CE and spiral-in phase will very likely also take place. However, the high luminosity due to neutrino emission (Lν > 10 7 L ⊙ ) suggests that the core will collapse within a few decades after the end of the calculation. The closeness to collapse is supported by the fact that Ne-burning has already started radiatively off-centre when the fourth C-burning convective shell appears. The explosion will probably be observed as a type Ic supernova. Nevertheless, should the two components undergo a spiral-in, a merger will not necessarily occur. A crude calculation of the gravitational binding energy of the convective envelope to the CO-core boundary of a 3.2 M ⊙ helium star when the penetration takes place yields λ = 0.123. With ηCE = 1, MHe = 1.98 M ⊙ , Mcore = 1.62 M ⊙ and P orb = 0.
d 22, we obtain from eq. (10) a final separation of 0.0729 R ⊙ (period of 1. m 89), which is still larger than the radius of the core (0.0275 R ⊙ ). Without helium left in the envelope, the explosion will be observed as a type Ic supernova. The close post-SN separation subjects the two neutron stars to a strong loss of gravitational-wave radiation, causing the two compact stars to merge on a timescale of 2 500 years, which may produce a gamma-ray burst.
Final masses and outcome
The final masses and periods are shown in Table 4 . Here final corresponds to the last stage of our calculations, which varies from the appearance of the first C-burning convective shell to the penetration of the He-burning convective shell to the surface. We found that after the carbon convective core has disappeared, only a small amount of mass is transferred to the neutron star. The period alters insignificantly. Hence, the values in Table 4 can be considered as the final masses and periods prior to SN explosion, unless a spiral-in phase occurs as discussed in Sect. 5.2.4.
With increasing initial period and decreasing initial mass, the amount of transferred matter decreases. In 2.4 -2.5 M ⊙ helium stars, the mass of the remnant ranges from 1.3 -1.6 M ⊙ , but the mass of the CO core (1.21 -1.34 M ⊙ ) never exceeds the Chandrasekhar limiting mass, M Ch . These stars will develop degenerate ONe cores. The future of these systems is not clear since they could not be computed through carbon burning. If the ONe core can grow Figure 9 . Case BB. Same as Fig. 7 for a 2.8 M ⊙ helium star in a wide orbit. Instead of central abundances, the second panels show the stellar luminosity (dash-dotted-), and the contributions of helium burning (solid-), carbon burning (dotted-), and neutrino losses (dashed-line). The panels on the right-hand side show the evolution around the penetration of the He-burning convective shell to the surface. to 1.37 -1.39 M ⊙ , they will undergo a SN explosion triggered by electron capture on Ne and Mg (e.g. Nomoto 1984 Nomoto , 1987 , otherwise they will become heavy ONe white dwarfs.
Stars with MHe ≥ 2.6 − 2.8 M ⊙ which undergo case BB mass transfer develop CO cores more massive than M Ch (where the actual lower mass limit probably depends on the orbital period). These stars will eventually complete neon, oxygen and silicon burning and form iron cores. The collapse of the Fe core by photodisintegration triggers a SN explosion, leaving a neutron-star remnant.
The final amount of helium left in the envelope probably determines whether the explosion will be a Type Ib or a Type Ic supernova. The main observational criterion to distinguish between these types is the detection of helium in the spectrum. Helium is generally absent in SNe Ic, although a small amount may be present (Filippenko et al. 1995) . The maximum allowed amount of He is very uncertain, however, and may also depend on other factors such as mixing during the explosion (Woosley & Eastman 1997) .
For low-mass He stars and/or close orbits, we find there may be as little as 0.04 M ⊙ of He left, and generally < 0.10 M ⊙ (see Table 4 ). This is less than is achieved by stellar-wind mass loss in massive He-star models (Woosley, Langer & Weaver 1995; Wellstein & Langer 1999; Pols 2002) and also less than obtained from conservative case ABB or case BB mass transfer models by Wellstein & Langer (1999) . We conclude that case BB mass transfer to a compact companion in a very-close binary is the most efficient way to produce almost bare CO cores prior to explosion. These stars will almost certainly produce a Type Ic supernova. Such a model was first suggested by Nomoto et al. (1994) as the progenitor of the Type Ic SN 1994I, and shown to match the observed lightcurve . The amount of He left in the envelope increases with increasing initial mass and initial period. Probably, the more massive case BB remnants and those from the widest orbits undergo a Type Ib explosion, as do helium stars that avoid case BB mass transfer (Pols 2002) .
The binary millisecond pulsars and double neutron-star pulsars
The outcome of case BB mass transfer from 1.5 -2.5 M ⊙ helium stars are heavy white dwarfs with a neutron-star companion. Their positions in the period-mass plane (solidand open-circles in Fig. 10 ) cover the region where the exis- tence of binary millisecond pulsars with heavy white-dwarf companions cannot be explained by extreme mass transfer (Tauris, van den Heuvel & Savonije 2000) . Systems like J1756-5322 (P orb = 0. d 453, MWD = 0.683 M ⊙ with the assumption that i = 60
• ) are not produced by our nor Tauris et al.'s calculations. Therefore, they must have come from stars with 5 < MZAMS/M ⊙ < 8.
Case BB mass transfer from MHe ≥ 2.6 − 2.8 M ⊙ produces neutron-star binaries. Attempts to find the progenitors of the three known galactic double neutron-star binaries (outside the globular cluster) have been carried out e.g. by Yamaoka, Shigeyama & Nomoto (1993) , Fryer & Kalogera (1997) , Bagot (1997) , and recently Francischelli, Wijers & Brown (2001) . Their calculations were approximated by the evolution of single helium stars, and it is often assumed that the helium star does not fill its Roche lobe (i.e. RHe < RL,He) in order to avoid an unstable phase of mass transfer. The orbital parameters of the observed binary pulsars are presented in Table 5 . Here we will try to see if our helium star calculations can explain their existence.
If we simply assume that the radius of the pre-SN orbit (the helium-star binary), ao, must be inside the radius turning point of the post-SN orbit, ap, (Flannery & van den Heuvel 1975) i.e.,
where e is the eccentricity of the binary pulsar, then from Kepler's third law we have the following condition
where Mo, Mp are the total pre-and post-SN masses; Po, Pp are the pre-and post-SN periods. We plotted the allowed minimum and maximum pre-SN periods according to eq. (12) for each double neutronstar binary in Fig. 10 , under the assumption that the pulsar companion is a 1.4 M ⊙ neutron star. Fig. 10 shows that systems like B1913+16 are easy to produce from systems with initial masses of 2.4 -6.7 M ⊙ in initial periods of 0.
d 1 -0. d 7, while systems like B1534+12 can be made from helium stars with the same range of mass in a narrower range of period (0.
d 3 -0. d 6). None of the case BB models we have computed can produce B1518+49-like systems. The remnant of the 2.4 M ⊙ system (indicated by the arrow in Fig. 10 ) is a ONe white dwarf/neutron star binary in a circular orbit. A case BC evolution might be able to explain the formation of this system, or a MHe > ∼ 3 M ⊙ star, which avoids RLOF altogether (the shaded area in Fig. 10) .
The region to the left of the solid line in Fig. 10 produces white dwarfs. The area below the solid curve will undergo case BA or dynamically unstable mass transfer (see Sect. 4). Therefore, these regions can be considered as the zone of avoidance for the formation of double neutron stars.
CONCLUSIONS
We have done calculations of helium stars with masses in the interval of 1.5 -6.7 M ⊙ with a 1.4 M ⊙ neutron star companion. We allowed the helium star to fill its Roche lobe during helium core burning (case BA) and helium shell burning (case BB mass transfer). The final fate of the helium star as a function of its initial mass and period is summarized in Fig. 11 .
Case BA mass transfer from helium stars with masses of 1.5 -2.9 M ⊙ occurs during helium core burning and stops when the central abundance of helium drops below 0.1 and the star contracts. In helium stars less massive than 2.4 M ⊙ , RLOF is stable and takes place on the nuclear timescale. For 2.4 ≤ MHe/M ⊙ ≤ 2.9, a rapid, thermal-timescale phase of RLOF is followed by a stable, slow phase of mass transfer on the nuclear timescale. Driven by radius expansion, a stable phase of case BAB mass transfer occurs during helium shell burning. This phase of mass transfer stops when the degeneracy border is crossed and the star contracts. During RLOF, the entire envelope is removed from the helium star. The remnants of case BA mass transfer are heavy, degenerate CO white dwarfs. This implies that a star with initial mass as large as 12 M ⊙ still can become a white dwarf, as also found by e.g. Wellstein et al. (2001) in stars that go through conservative contact-free case A evolution.
Stable case BB mass transfer from 1.5 -2.1 M ⊙ stars takes place on the nuclear timescale and stops when the degeneracy border is crossed and the star contracts. The entire envelope is removed during RLOF, and heavy, CO (from 1.5 -1.8 M ⊙ ) or ONe (from 2.1 M ⊙ helium stars) white dwarfs are the remnants in this range of mass. Case BB mass transfer from 2.4 -2.5 M ⊙ helium stars produces ONe white dwarfs and that from more massive ones produces neutron stars. RLOF from MHe ≥ 2.4 M ⊙ takes place on the thermal timescale. In close-orbit systems, this is followed by a slow, stable phase of mass transfer. There is a tendency that the helium envelope becomes convective in helium stars less massive than 4 M ⊙ . Mass transfer might become dynamically unstable in this case. However, the star probably collapses before a spiral-in can occur. Even if a CE and spiral-in phase does occur, the system is likely to survive. In both cases, a double neutron-star binary is formed.
From the amount of helium left in the envelope, we suggest that helium stars of high mass or in a wide orbit produce type Ib SNe. Type Ic SNe come from helium stars of lower mass or in a close orbit. We are also able to provide a zone of avoidance for the formation of double neutron stars.
